Abstract. We calculate the Cuntz semigroup of the tensor product of A with A. We restrict our attention to C*-algebras which are unital, simple, nuclear, stably finite, satisfy the UCT and absorbs the Jiang-Su algebra tensorially.
Introduction
The Cuntz semigroup has been studied since the late seventies but only recently has it proved to be an important invariant for C*-algebras. First In this paper we propose to study one property of the Cuntz semigroup, namely how the Cuntz semigroup of the tensor product, A ⊗ A, of two identical algebras relates to the Cuntz semigroup of A. It is well-known that not every positive element of a tensor product is equivalent to a tensor product of positive elements.
Thus, the bilinear tensor product map from A + × A + to (A ⊗ A) + is in general not surjective. It seems interesting that, as we shall see, in some cases this map becomes surjective if we pass to Cuntz equivalence classes. In the language of mathematical physics -see, e.g., the introduction of [10] -one could say that in these cases, entanglements disappear when passing to the Cuntz semigroup. In a recent preprint [1] , the question of determining surjectivity, at the level of Cuntz semigroups, of the natural tensor product map is posed; and left as an open problem. In that preprint, they observe that surjectivity does hold in the cases of AF algebras and O ∞ -stable algebras. We will consider the case of simple, unital, exact and stably finite C*-algebras, with strict comparison of positive elements.
Brown, Perera and Toms, [4] , showed an important representation result for the original version of the Cuntz semigroup. This result was extended to the stabilized version of the Cuntz semigroup by Elliott, Robert and Santiago, [7] , and with more abstract hypothesis by Tikuisis and Toms, [12] . Their results say that for certain simple exact C*-algebras, a part of the Cuntz semigroup is order isomorphic to an ordered semigroup of lower semicontinuous functions defined on a compact
Hausdorff space.
The Cuntz semigroup
Let A be a separable C*-algebra. For positive elements a, b ∈ A ⊗ K, we say that a is Cuntz subequivalent to b and write a b, if v n bv * n → a, in the norm topology, for some sequence (v n ) in A ⊗ K. We say that a is Cuntz equivalent to b and write a ∼ b if a b and b a. Denote by Cu(A) the set of Cuntz equivalence classes of 
Moreover, the choice of the orthogonal representatives does not affect the Cuntz class of their sum.
So the ordered set Cu(A) becomes an abelian semigroup. There also exists a transitive relation, a ⋐ b, termed compact containment, and elements a that satisfy a ⋐ a are termed compact element s. Compact containment will be further discussed later.
If A is unital, denote by T (A) the set of bounded traces on A. In the case A is not a unital algebra, T (A) will denote the set of lower semicontinuous densely defined traces on A. The set T (A) turns out to be a compact Hausdorff space. If A is a separable C*-algebra then T (A) is also a metrizable space. By V (A) we denote the projection semigroup defined by the Murray von Neumann equivalence classes of projections in A ⊗ K. Lsc(T (A), (0, ∞) denotes the set of lower semicontinuous, affine, strictly positive functions on the tracial state space of A.
2.1.
Representations of the Cuntz semigroup. Brown, Perera and Toms's representation result [4] for the Cuntz semigroup states:
Theorem 2.1. Let A be a simple, unital, exact, stably finite Z-stable C*-algebra.
Then
Here W (A) is the original definition of the Cuntz semigroup, i.e., W (A) =
Elliott, Robert and Santiago's representation result [7] is very similar, and uses the stabilized Cuntz semigroup. In this result, the functions that appear may take infinite values.
Theorem 2.2. Let A be a simple, exact, stably finite Z-stable C*-algebra. Then
These theorems show that the Cuntz semigroup is the disjoint union of the semi- 
The partial order given by Cuntz subequivalence reduces to the usual partial order in each component, and for the mixed components we have: countable. In general, the space X is given by the set of all dimension functions; but as has been seen, in some cases, the space X can be taken to be the set of lower semicontinuous densely defined traces on a C*-algebra A. In such cases, and perhaps in general, the separability of A implies the metrizability of X.
Function semigroups have on them the topology of pointwise convergence. Cuntz semigroups have the weak topology induced by the dimension functions. Since the isomorphism between function semigroups and the subsemigroup of purely positive elements is such that evaluation at a point corresponds to pairing with a dimension function, it follows that this isomorphism, when it exists, preserves the natural
topologies.
An important aspect of the Cuntz semigroup is the transitive relation given by compact containment. We say that x is compactly contained in y, and write x ⋐ y, if, given an increasing sequence (z n ) with y ≤ sup z n , there is an integer m such that x ≤ z m . We note that this definition applies equally to Cuntz semigroups and to function semigroups.
In the context of function semigroups, we present the following characterization of compact containment:
Lemma 2.4. Assume that f and g are two elements in the function semigroup of a metrizable space. Then f is compactly contained in g if, and only if,
for some ǫ > 0, where 1 is the constant function equal to one.
n , 0}, we have that g ≤ suph n . But then compact containment implies that there is an n such that f ≤ (g − 1 n ) + . Conversely, assume f ≤ (g − 1ǫ) + for some ǫ > 0. Assume a sequence of continuous functions (h n ) is given such that suph n > g. We can arrange that the sequence is nondecreasing by taking, if necessary, the pointwise maximum of increasingly large finite subsets of the sequence. Still denoting the sequence by (h n ), the pointwise minimum min(h n , g) defines a nondecreasing sequence of continuous functions converging pointwise to g. By Dini's theorem the convergence is uniform, so for some specific n it is true that min(h n (x), g(x)) is within ǫ of g(x). But then h n > g − 1ǫ and hence h n > f . This shows that f is compactly contained in g.
The case that the functions h n are not continuous can be reduced to the continuous case, and it is here that we will use the hypothesis that the underlying space is metrizable. The functions h n are lower semicontinuous and hence each h n is the supremum of some infinite set of continuous functions. The algebra of continuous functions on a metrizable space is separable, and thus we may suppose that the infinite set of continuous functions considered is countable. We can thus replace the countable set {h n } by the (countable) union of the countable sets of continuous functions that we have obtained. Denoting this countable collection of continuous functions by {h ′ n }, and repeating the argument above with h ′ n instead of h n , we will obtain an n and an h As an application of the above criterion, we have: Lemma 2.6. Assume f ′ and f are functions in a function semigroup over a metrizable space X. Let g be an element of a function semigroup over a metrizable space
Proof. Assume g is not zero under any dimension function. This is possible as g is lower semicontinuous, hence bounded below. Then add a small multiple of 1 to g if necessary.
We have f
is nonzero and may be negative only where f ′ is zero. Furthermore
It follows that
Since g is lower semicontinuous, and the base space is compact, it follows that g attains its minimum. Since g is not zero at any point, the minimum is therefore nonzero, and there exists an ǫ
Consider the function h : R → R that is equal to zero on the left half-line and is equal to f (x) = x on the right half line. The usual functional calculus simplifies to composition of functions when dealing with a function algebra. We can apply the nondecreasing function h to both sides of the above inequality of functions, obtaining again an inequality.
Applying h makes the left hand side zero wherever it was negative, and the left hand side is negative exactly when f ′′ is negative. We obtain
But this right hand side is equal to max(f ⊗ g − ǫǫ ′ , 0). This proves that tensoring with elements that are not zero under any dimension function preserves compact inclusion.
Dimension functions and a conjecture of Blackadar and Handelman.
We just saw that the map i is useful in describing the order on the Cuntz semigroup. Consider the map t :
We now check that the above map t respects Cuntz equivalence.
Lemma 2.7. Let A be a σ-unital C*-algebra. Given positive elements a, a
Proof. Let e n be a countable approximate unit. Since a ′ a, let c n be such that
Then it follows from the properties of approximate units that
goes to zero as n goes to infinity.
by applying the Lemma twice, and thus we obtain the Corollary:
Corollary 2.8. Consider the map t :
. If a and a ′ are positive elements of A that are Cuntz equivalent, then The product set B(x i , δ/2)×B(y j , δ/2) has the property that, for any two points (x 1 , y 1 ), (x 2 , y 2 ) in the set:
Moreover, because of uniform continuity of F , |F (x 1 , y 1 ) − F (x 2 , y 2 )| < ǫ. If we define a ij to be the infimum value of F on the product set B(x i , δ/2) × B(y j , δ/2), then 0 ≤ F (x 1 , y 1 ) − a ij < ǫ for any (x 1 , y 1 ) in the product set.
We consider the positive function a ij f i (x)g j (y). Using the partition of unity property, we have for any (
This shows that for any ǫ > 0 we can find a positive function of the form i,j a ij f i (x)g j (y) that is bounded above by F and within supremum norm distance ǫ from F . This completes the proof of the lemma.
The next Theorem is of interest in the setting of stably projectionless C*-algebras. 
3.1.
Beyond the purely positive case. The next step is to assume our algebra A has non-trivial projections, hence V (A), the projection monoid in the representation of the Cuntz semigroup of A, is non-trivial.
We make use of the assumption that the Cuntz semigroup is the disjoint union of projection elements from the Cuntz semigroup, denoted V (A), and purely positive elements, denoted Lsc(T (A), (0, ∞)). Ara, Perera and Toms [2] , prove that that for algebras of stable rank one, the Cuntz class of a positive element is given by a projection if and only if {0} is not in the spectrum or if it is an isolated point of the spectrum, see [2] . 
In the case that A = B and A is a simple, unital, nuclear, Z-stable C*-algebra, with vanishing K 1 group, we now show that the map ψ is surjective: Lemma 3.3. If a C*-algebra A is unital, simple, stably finite, satisfies the UCT, and has K 1 (A) = {0}, then the natural map
is an isomorphism when restricted to
Proof. K 0 (A) is determined by the subsemigroup V (A) of the Cuntz semigroup, in the sense that K 0 (A) is the Grothendieck group generated by V (A):
Our algebra A is assumed to satisfy the UCT, so then A will satisfy the Künneth formula for tensor products in K-theory, which means that there is a short exact
Since we assume K 1 (A) = 0 it follows that
is am isomorphism. Moreover, since the algebra A has stable rank one, it follows that the above isomorphism restricts to an isomorphism between the projection
Remark 3.4. The argument of the above Lemma can be adapted to provide a class of counter-examples to the possible surjectivity of the tensor product map
. If an algebra is in the UCT class, and the Ktheory groups are such that the last term in the Künneth sequence does not vanish, then we see that the first map in the short exact sequence
will not be surjective. But then, in particular, the tensor product map from K 0 (A)⊗ K 0 (A) to K 0 (A ⊗ A) will not be surjective. Hence the tensor product map at the level of projection semigroups will not be surjective either, and this is an obstacle to the surjectivity of the tensor product map at the level of Cuntz semigroups (since the tensor product of elements that are equivalent to a projection is an element that is equivalent to a projection).
Theorem 3.5. If a C*-algebra A is unital, simple, stably finite C*-algebra, Z-stable and satisfies the UCT, and has K 1 (A) = {0}, then the natural Cuntz semigroup map
Proof. Under these hypotheses, any element
gives an element y × z with y ∈ M ∞ (A)
In the case that x is in Lsc(T (A ⊗ A), (0, ∞)), by Theorem 3.2 , there are y, z ∈ Lsc(T (A), (0, ∞)) such that t(y, z) = x which completes the proof.
The kernel of a semigroup map
Since we have only a semigroup structure, a definition for the kernel of a map is required. One might be tempted to use the inverse image of a neutral element, motivated perhaps by the special case of group homomorphisms. An example may clarify this situation. T a semigroup map that preserves the order. We define the kernel of φ, written Kerφ, to be {(s 1 , s 2 ) ∈ S × S : φ(s 1 ) = φ(s 2 )}.
The kernel set we have just defined will always contain the diagonal elements of S × S, and the map φ is injective if and only if the diagonal elements are the only elements in the kernel. Moreover, the kernel set is a sub-semigroup of the semigroup S × S. Note that in the special case of homomorphisms of finite groups, the kernel set that we just defined will generally have larger cardinality than the usual kernel of a group map. The above definition is very similar to -but not identical to -a definition used in [6] .
Tensor products of Cuntz semigroups
In this paper, we study Cuntz semigroups through their representations as a disjoint union of projection elements from V (A) and purely positive elements in Lsc(T (A), (0, ∞). Thus, the most immediate way to define a tensor product of Cuntz semigroups for algebras in our class is simply to define it through the evident tensor product(s) on the representations. This approach to the tensor product has the merit of being obviously compatible with the usual tensor product of functions in Lsc(T (A), (0, ∞), and the usual tensor product on K-theory. Even though this approach is sufficient and well suited to our needs, it seems reasonable to make a few further comments. An alternative approach to the tensor product Cu(A) ⊗ Cu(B), The inductive topology is the topology induced by this embedding. Thus, in the inductive tensor product Cu(A) ⊗ Cu(B), a sequence t n converges to x if and only
. In general, of course, since we regard Cu(A) as being topologically a disjoint union of two sets, namely the set of elements having the same class as a projection, and the set of purely positive elements, the tensor product of Cuntz semigroups will be a disjoint union of four sets.
The surjective bilinear map t :
also denoted by t, from Cu(A)⊗Cu(A) → Cu(A⊗A). In general, when considering the tensor product map t, the following three cases will appear:
Case 1: projection elements tensored with projection elements, Case 2: purely positive tensored with purely positive elements, and Case 3: projection elements tensored with purely positive elements.
Theorem 5.1. Suppose that A is a C*-algebra that satisfies the Blackadar-Handelman conjecture, and has stable rank 1. Each of the maps
is injective. The first three of these maps have range contained in the purely positive elements of Cu(A ⊗ A), the last map has range contained in the projection-class elements of Cu(A ⊗ A).
Proof. We first consider the range of these maps. A positive element is projectionclass if and only if the spectrum of the element has a spectral gap at zero, and the spectrum of a ⊗ b is given by the set of all pairwise products {λµ | λ ∈ Sp(a), µ ∈ Sp(b)}. It can thus be seen that a ⊗ b has the class of a projection if and only if both a and b have the class of a projection.
We now consider the injectivity of these maps. Suppose that x, x ′ ∈ Cu(A) ⊗ Cu(A) are such that t(x) = t(x ′ ). Consider first the case where t(x) and t(x ′ ) belong to the purely positive part of Cu(A)⊗Cu(A). Thus the mixed elements of the tensor product are evidently an obstacle to injectivity of the unrestricted tensor product map. We note the following further as for any universal property definition, the tensor product of abelian semigroups is unique up to semigroup isomorphism. In most applications of the Cuntz semigroup, the algebraic structure of the Cuntz semigroup is of primary importance.
In such a case, in view of Grillet's result, the topological considerations of this section are evidently irrelevant, and the inductive tensor product construction due to Grothendieck is effectively the same as the tensor product definition from [1] .
In any case, the surjectivity result of Theorem 3.5 provides a version of our main result that is obviously independent of any choice of tensor product.
